Introduction {#Sec1}
============

At the price of doubling the particle content of the Standard Model (SM), supersymmetry (SUSY) provides elegant solutions to several open issues, including the stability of the electroweak (EW) scale, the nature of dark matter and the possibility of embedding the SM in a grand-unified gauge theory. Common features of supersymmetric extensions of the SM are an extended Higgs sector and the existence of tree-level relations between the quartic Higgs couplings and the other couplings of the considered model, which translate into predictions for the Higgs-boson masses. When radiative corrections are included, those predictions are sensitive to the whole particle spectrum of the model, and can be used to constrain its parameter space even before the discovery of SUSY particles.

In the minimal SUSY extension of the SM, or MSSM, the mass $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ of the lightest Higgs scalar is bounded at tree level from above by $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{\scriptscriptstyle Z}$$\end{document}$ is the *Z*-boson mass and $\documentclass[12pt]{minimal}
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                \begin{document}$$\tan \beta \equiv v_2/v_1$$\end{document}$ is the ratio of the vacuum expectation values (vevs) of the two Higgs doublets that participate in the breaking of the EW symmetry. However, as has been known \[[@CR1]--[@CR6]\] since the early 1990s, the tree-level upper bound on $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ can be significantly raised by radiative corrections involving top quarks and their SUSY partners, the stop squarks. By now, the computation of radiative corrections to the MSSM Higgs masses[1](#Fn1){ref-type="fn"} is quite advanced: full one-loop corrections \[[@CR7]--[@CR13]\] and two-loop corrections in the limit of vanishing external momentum \[[@CR14]--[@CR27]\] are available, and the dominant momentum-dependent two-loop corrections \[[@CR28]--[@CR30]\] as well as the dominant three-loop corrections \[[@CR31], [@CR32]\] have also been obtained. Over the years, many of the known corrections have been implemented in widely used codes for the determination of the MSSM mass spectrum. In particular, FeynHiggs \[[@CR33]\] includes full one-loop corrections to the Higgs masses from Ref. \[[@CR13]\] and dominant two-loop corrections in the on-shell (OS) renormalization scheme from Refs. \[[@CR17], [@CR22]--[@CR25], [@CR29]\], whereas SoftSusy \[[@CR34], [@CR35]\], SuSpect \[[@CR36]\] and SPheno \[[@CR37], [@CR38]\] include full one-loop corrections to the Higgs masses from Ref. \[[@CR12]\] and dominant two-loop corrections in the $\documentclass[12pt]{minimal}
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                \begin{document}$${ \overline{\mathrm{DR}}}$$\end{document}$ scheme from Refs. \[[@CR22]--[@CR25], [@CR39]\].

For the MSSM, both the discovery in 2012 \[[@CR40], [@CR41]\] of a SM-like Higgs boson with mass about 125 GeV \[[@CR42]\] and the negative results of the searches for stop squarks at the LHC \[[@CR43]--[@CR48]\] favor scenarios with a SUSY mass scale $\documentclass[12pt]{minimal}
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                \begin{document}$$M_S$$\end{document}$ in the TeV range. In particular, the observed value of the Higgs mass requires the radiative correction to the squared-mass parameter, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta m_h^2\,$$\end{document}$, to be at least as large as its tree-level value: if the stops are heavy enough, this can be realized via the dominant top/stop contributions, which are controlled by the top Yukawa coupling, $\documentclass[12pt]{minimal}
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                \begin{document}$$g_t \sim \mathcal{O}(1)$$\end{document}$, and are enhanced by logarithms of the ratio between the stop and top masses. A further increase in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta m_h^2$$\end{document}$ can be obtained if the left--right stop mixing parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$ is about twice the average stop mass. Roughly speaking, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\tan \beta $$\end{document}$ large enough to almost saturate the tree-level bound on the lightest-scalar mass, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h\approx 125$$\end{document}$ GeV requires the average stop mass to be somewhere around 1 TeV for the "maximal" (i.e., most favorable) value of $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$, and above 10 TeV for vanishing $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$. However, when the SUSY scale is significantly larger than the EW scale, fixed-order calculations of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ such as the ones implemented in the codes mentioned above may become inadequate, because radiative corrections of order *n* in the loop expansion contain terms enhanced by as much as $\documentclass[12pt]{minimal}
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                \begin{document}$$\ln ^n(M_S/m_t)$$\end{document}$--where we take the top mass as a proxy for the EW scale. Indeed, a possible symptom of such heavy-SUSY malaise is the fact that, in scenarios with TeV-scale stop masses and large stop mixing, the spread in the predictions of those codes for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ exceeds the theoretical accuracy of their (largely equivalent) two-loop calculations, which was estimated in the early 2000s to be about 3 GeV \[[@CR49], [@CR50]\] in what were then considered natural regions of the MSSM parameter space.

In the presence of a significant hierarchy between the SUSY scale and the EW scale, the computation of the Higgs mass needs to be reorganized in an effective field theory (EFT) approach: the heavy particles are integrated out at the scale $\documentclass[12pt]{minimal}
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                \begin{document}$$M_S$$\end{document}$, where they only affect the matching conditions for the couplings of the EFT valid below $\documentclass[12pt]{minimal}
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                \begin{document}$$M_S$$\end{document}$; the appropriate renormalization-group equations (RGEs) are then used to evolve those couplings between the SUSY scale and the EW scale, where the running couplings are related to physical observables such as the Higgs-boson mass and the masses of gauge bosons and fermions. In this approach, the computation is free of large logarithmic terms both at the SUSY scale and at the EW scale, while the effect of those terms is accounted for to all orders in the loop expansion by the evolution of the couplings between the two scales. More precisely, large corrections can be resummed to the (next-to)$\documentclass[12pt]{minimal}
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                \begin{document}$$^n$$\end{document}$LL) order by means of *n*-loop calculations at the SUSY and EW scales combined with $\documentclass[12pt]{minimal}
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                \begin{document}$$(n\!+\!1)$$\end{document}$-loop RGEs. On the other hand, the common procedure of matching the MSSM to a renormalizable EFT -- such as the plain SM -- in the unbroken phase of the EW symmetry amounts to neglecting corrections suppressed by powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$v^2/M_S^2\,$$\end{document}$, where we denote by *v* the vev of a SM-like Higgs scalar. Those corrections can in fact be mapped to the effect of non-renormalizable, higher-dimensional operators in the EFT Lagrangian.

The EFT approach to the computation of the MSSM Higgs mass dates back to the early 1990s \[[@CR51]--[@CR53]\]. Over the years, it has also been exploited to determine analytically the coefficients of the logarithmic terms in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta m_h^2$$\end{document}$ at one \[[@CR54]\], two \[[@CR55]--[@CR58]\] and even three \[[@CR49], [@CR59]\] loops, by solving perturbatively the appropriate systems of boundary conditions and RGEs. However, when the focus was on "natural" scenarios with SUSY masses of a few hundred GeV, the omission of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(v^2/M_S^2)$$\end{document}$ terms limited the accuracy of the EFT approach, and the effect of the resummation of logarithmic corrections was not deemed important enough to justify abandoning the fixed-order calculations of the Higgs mass in favor of a complicated EFT set-up with higher-dimensional operators.[2](#Fn2){ref-type="fn"} More recently, an interest in "unnatural" scenarios such as split SUSY \[[@CR61], [@CR62]\] and high-scale SUSY (see, e.g., Ref. \[[@CR63]\]), and then the LHC results pushing the expectations for the SUSY scale into the TeV range, have brought the EFT approach back into fashion. On the one hand, in Ref. \[[@CR64]\] the authors of FeynHiggs combined the fixed-order calculation of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ implemented in their code with a resummation of the LL and NLL terms controlled exclusively by $\documentclass[12pt]{minimal}
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                \begin{document}$$g_3$$\end{document}$. On the other hand, three papers \[[@CR65]--[@CR67]\] presented updates of the traditional EFT calculation: the use of the state-of-the-art results collected in Ref. \[[@CR68]\] for the SM part (i.e., three-loop RGEs and two-loop EW-scale matching conditions), together with the full one-loop and partial two-loop matching conditions at the SUSY scale, allow for a full NLL and partial NNLL resummation of the logarithmic corrections.[3](#Fn3){ref-type="fn"} Several public codes for the EFT calculation of the Higgs mass in the MSSM with heavy SUSY have also been released: SusyHD \[[@CR69]\], based on Ref. \[[@CR67]\]; MhEFT \[[@CR70]\], based on Refs. \[[@CR65], [@CR71]\] and covering as well scenarios with a light two-Higgs-doublet model (THDM); HSSUSY \[[@CR72], [@CR73]\], a module of FlexibleSUSY \[[@CR74]\] with the same essential features as the original SusyHD; FlexibleEFTHiggs \[[@CR72], [@CR73]\], which combines a full one-loop computation of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ with a LL resummation of the logarithmic corrections; finally, an EFT approach similar to the one of Ref. \[[@CR73]\] was recently implemented in SPheno/SARAH \[[@CR75]\].

In MSSM scenarios with stop masses of several TeV, where the effects of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(v^2/M_S^2)$$\end{document}$ can be safely neglected, the theoretical uncertainty of the EFT prediction for the Higgs mass stems from missing terms of higher orders in the loop expansion, both in the calculation of the matching conditions at the SUSY scale and in the SM part of the calculation. In Refs. \[[@CR66], [@CR67]\] such uncertainty was estimated to be at most 1 GeV in a simplified MSSM scenario with degenerate SUSY masses of 10 TeV, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h\approx 123.5$$\end{document}$ GeV. In such scenario, the prediction for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ of the "hybrid" (i.e., fixed-order+partial NLL) calculation of Ref. \[[@CR64]\] was about 3 GeV higher, well outside the theoretical uncertainty of the EFT result. In Refs. \[[@CR67], [@CR71]\] it was suggested that most of the discrepancy came from the determination of the coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$g_t$$\end{document}$ used in the resummation procedure, for which Ref. \[[@CR64]\] omitted one-loop EW and two-loop QCD effects, consistently with the accuracy of the $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ calculation in that paper. Those effects were later included in FeynHiggs, which now also allows for a full NLL and partial NNLL resummation of the logarithmic corrections \[[@CR76]\]. In the simplified MSSM scenario mentioned above, the refinements in the resummation procedure of FeynHiggs reduce the discrepancy with the EFT prediction for $\documentclass[12pt]{minimal}
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As mentioned earlier, MSSM scenarios with stop masses below a couple of TeV and large stop mixing -- which are definitely more interesting from the point of view of LHC phenomenology -- suffer from even larger spreads in the predictions of different codes for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$. For example, in a benchmark point with degenerate SUSY masses of 1 TeV, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$, the EFT calculation finds $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h^{\mathrm{{\scriptscriptstyle max}}}\approx 123$$\end{document}$ GeV, whereas SoftSusy, SuSpect and SPheno -- which implement the same corrections to the Higgs masses, but differ in the determination of the running couplings -- find $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h^{\mathrm{{\scriptscriptstyle max}}}\approx 124.5-126.5$$\end{document}$ GeV, and the latest version of FeynHiggs \[[@CR77]\] finds $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h^{\mathrm{{\scriptscriptstyle max}}}\approx 126-128$$\end{document}$ GeV (depending on the code's settings). However, in this case the comparison between the EFT prediction for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ and the various fixed-order (or hybrid) predictions is less straightforward than in scenarios with multi-TeV stop masses, because there is no obvious argument to favor one calculational approach over the others: the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(v^2/M_S^2)$$\end{document}$ terms might or might not be negligible, and the logarithmic corrections might or might not be important enough to mandate their resummation. For all approaches, this unsatisfactory situation points to two urgent needs: first, to improve the calculation of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ with the inclusion of higher-order effects; second, to provide a better estimate of the theoretical uncertainty, tailored to the "difficult" region of the parameter space with stop masses about 1--2 TeV.

In this paper we take several steps towards an improved EFT determination of the Higgs mass in the MSSM with heavy superpartners. In particular, in Sect. [2](#Sec2){ref-type="sec"} we compute the two-loop, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(g_t^6)$$\end{document}$ contribution to the SUSY-scale matching condition for the quartic Higgs coupling -- which was previously known only in simplified scenarios \[[@CR21], [@CR65], [@CR67]\] -- allowing for generic values of all the relevant SUSY-breaking parameters. We also include the two-loop contributions controlled by the bottom and tau Yukawa couplings, addressing some subtleties related to the presence of potentially large $\documentclass[12pt]{minimal}
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                \begin{document}$$\tan \beta $$\end{document}$-enhanced corrections. Our new results bring the matching condition for the quartic Higgs coupling to the same level, in terms of an expansion in coupling constants, as the two-loop Higgs-mass calculations in SoftSusy, SuSpect and SPheno. In Sect. [3](#Sec5){ref-type="sec"} we study instead the effects of a representative subset of dimension-six operators in the EFT. We obtain both an improvement in our prediction for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_h$$\end{document}$ in scenarios with stop masses about 1--2 TeV and a more-realistic estimate of the theoretical uncertainty associated to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(v^2/M_S^2)$$\end{document}$ effects. The results presented in this paper have been implemented in modified versions of the codes SusyHD \[[@CR69]\] and HSSUSY \[[@CR72]\]. All the analytic formulas that proved too lengthy to be printed here are available upon request in electronic form.

Two-loop matching of the quartic Higgs coupling {#Sec2}
===============================================

In this section we describe our calculation of the two-loop matching condition for the quartic Higgs coupling. We consider a set-up in which all SUSY particles as well as a linear combination of the two Higgs doublets of the MSSM are integrated out at a common renormalization scale $\documentclass[12pt]{minimal}
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                \begin{document}$$Q\approx M_S$$\end{document}$, so that the EFT valid below the matching scale is just the SM. Using the conventions outlined in Sect. [2](#Sec2){ref-type="sec"} of Ref. \[[@CR66]\], the two-loop matching condition for the quartic coupling of the SM-like Higgs doublet *H* takes the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda (Q)= \frac{1}{4}\left[ g^2(Q)+ g^{\prime \,2}(Q)\right] \cos ^22\beta + \Delta \lambda ^{1\ell } + \Delta \lambda ^{2\ell }, \end{aligned}$$\end{document}$$where *g* and $\documentclass[12pt]{minimal}
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                \begin{document}$$g^\prime $$\end{document}$ are the EW gauge couplings, $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ can be interpreted as the angle that rotates the two original MSSM doublets into a light doublet *H* and a massive doublet *A*, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \lambda ^{n\ell }$$\end{document}$ is the *n*-loop threshold correction to the quartic coupling arising from integrating out the heavy particles at the scale $\documentclass[12pt]{minimal}
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Outline of the calculation {#Sec3}
--------------------------

The two-loop, Yukawa-induced threshold correction to the quartic Higgs coupling $\documentclass[12pt]{minimal}
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In the gaugeless limit adopted in our calculation, the field-dependent mass spectrum of the particles that enter the relevant two-loop diagrams simplifies considerably: we can approximate the masses of the lightest Higgs scalar and of the would-be Goldstone bosons to zero, and the masses of all components (scalar, pseudoscalar and charged) of the heavy Higgs doublet to $\documentclass[12pt]{minimal}
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Numerical examples {#Sec4}
------------------

We now provide some illustration of the numerical impact of the newly computed two-loop corrections to the quartic Higgs coupling. To this purpose, we implemented those corrections in modified versions of the codes SusyHD \[[@CR69]\] and HSSUSY \[[@CR72]\]. All plots presented in this section were produced with HSSUSY, but we checked that fully analogous plots can be obtained with SusyHD. Small discrepancies in the predictions for $\documentclass[12pt]{minimal}
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Figure [1](#Fig1){ref-type="fig"} confirms that, as already noticed in Refs. \[[@CR66], [@CR67]\], the overall effect of the top-Yukawa contributions to $\documentclass[12pt]{minimal}
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On the effects of dimension-six operators {#Sec5}
=========================================

In MSSM scenarios with SUSY masses up to a couple of TeV, the effects suppressed by powers of $\documentclass[12pt]{minimal}
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Outline of the calculation {#Sec6}
--------------------------

In the EFT framework, the effects of $\documentclass[12pt]{minimal}
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Impact of dimension-six operators on the Higgs-mass prediction {#Sec7}
--------------------------------------------------------------

In this section we illustrate the numerical impact of the dimension-six operators of Eq. ([16](#Equ16){ref-type=""}) on the EFT prediction for the Higgs mass. We modified the code HSSUSY \[[@CR72]\], implementing the matching conditions for $\documentclass[12pt]{minimal}
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In Fig. [3](#Fig3){ref-type="fig"} we show the deviation induced in the EFT prediction for the Higgs mass by the presence of the dimension-six operators of Eq. ([16](#Equ16){ref-type=""}). The SM parameters used as input for HSSUSY are the same as those listed at the beginning of Sect. [2.2](#Sec4){ref-type="sec"}. We consider a simplified MSSM scenario with $\documentclass[12pt]{minimal}
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It is legitimate to wonder whether the relatively small size of the $\documentclass[12pt]{minimal}
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Conclusions {#Sec8}
===========

If the MSSM is realized in nature, both the measured value of the Higgs mass and the (so far) negative results of the searches for superparticles at the LHC suggest some degree of separation between the SUSY scale $\documentclass[12pt]{minimal}
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                \begin{document}$$M_S$$\end{document}$ and the EW scale. In this scenario the MSSM prediction for the Higgs mass is subject to potentially large logarithmic corrections, which can be resummed to all orders in an EFT approach. Over the past few years this has stimulated a considerable amount of activity, aimed, on one hand, at refining the EFT calculation of the MSSM Higgs mass \[[@CR65]--[@CR67]\], and, on the other hand, at combining it with the fixed-order calculations implemented in public codes for the determination of the MSSM mass spectrum \[[@CR64], [@CR73], [@CR75], [@CR76]\]. Here we contributed to these efforts by providing a complete determination of the two-loop threshold corrections to the quartic Higgs coupling in the limit of vanishing EW gauge (and first-two-generation Yukawa) couplings, for generic values of all the relevant SUSY-breaking parameters. We also studied a class of one- and two-loop corrections to the Higgs mass suppressed by $\documentclass[12pt]{minimal}
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                \begin{document}$$m_t^2/M_S^2\,$$\end{document}$, extending the SM Lagrangian with appropriate dimension-six operators. All of our results are available upon request in electronic form, and they were also implemented in modified versions of the codes SusyHD \[[@CR69]\] and HSSUSY \[[@CR72]\].

The numerical impact of the various corrections computed in this paper turns out to be small, typically below one GeV in regions of the MSSM parameter space where the prediction for the Higgs mass is within a few GeV from the observed value. We stress that this is in fact a desirable feature of the EFT calculation of the Higgs mass: while the logarithmically enhanced corrections are accounted for by the evolution of the parameters between the matching scale and the EW scale, and high-precision calculations at the EW scale can be borrowed from the SM, the small impact of the two-loop corrections computed at the matching scale suggests that the "SUSY uncertainty" associated to uncomputed higher-order terms should be well under control. In principle, the advantages of an EFT approach are less clear-cut when there is only a moderate separation between the SUSY scale and the EW scale, so that the omission of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{O}(v^2/M_S^2)$$\end{document}$ effects (or "EFT uncertainty") implemented in the code SusyHD is indeed sufficiently conservative in the relevant regions of the MSSM parameter space. The EFT approach also becomes more complicated when some of the new particles are much lighter than the rest. For example, while our results for the two-loop corrections to the quartic Higgs coupling can be directly applied to the standard split-SUSY scenario by taking the limit of vanishing gluino and higgsino masses, scenarios in which both Higgs doublets are light require a dedicated calculation, in which the effective theory valid below the SUSY scale is a THDM (see, e.g., Ref. \[[@CR71]\]).

Finally, we recall that the accuracy of the measurement of the Higgs mass at the LHC has already reached the level of a few hundred MeV -- i.e., comparable to the effects of the corrections discussed in this paper -- and will improve further when more data become available. If SUSY shows up at last, the mass and the couplings of the SM-like Higgs boson will serve as precision observables to constrain MSSM parameters that might not be directly accessible by experiment, especially in scenarios where some of the superparticle masses are in the multi-TeV range. To this purpose, the accuracy of the theoretical predictions will have to match the experimental one, making a full inclusion of two-loop effects in the Higgs-mass calculation unavoidable. Our results should be regarded as necessary steps in that direction.

Appendix {#Sec9}
========

We present here the one-loop scalar contributions to the matching condition for the quartic Higgs coupling, including all terms controlled by third-family Yukawa couplings:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (4\pi )^2\,\Delta \lambda ^{1\ell ,\,\phi }= & {} N_c\, \hat{g}_t^2 \left[ \hat{g}_t^2 \,+\, \frac{1}{2} \left( g_2^2-\frac{g_1^2}{5}\right) \cos 2 \beta \right] \ln \frac{m_{Q_3}^2}{Q^2}\nonumber \\&+\,N_c\, \hat{g}_t^2 \left[ \hat{g}_t^2 + \frac{2}{5}\, g_1^2\, \cos 2 \beta \right] \ln \frac{m_{U_3}^2}{Q^2} \nonumber \\&+\, N_c\, \hat{g}_b^2 \left[ \hat{g}_b^2 \,-\, \frac{1}{2} \left( g_2^2+\frac{g_1^2}{5}\right) \cos 2 \beta \right] \ln \frac{m_{Q_3}^2}{Q^2}\nonumber \\&+\,N_c\, \hat{g}_b^2 \left[ \hat{g}_b^2 - \frac{g_1^2}{5}\,\, \cos 2 \beta \right] \ln \frac{m_{D_3}^2}{Q^2} \nonumber \\&+\, \hat{g}_\tau ^2 \left[ \hat{g}_\tau ^2 \,-\, \frac{1}{2} \left( g_2^2 - \frac{3}{5}\,g_1^2 \right) \cos 2 \beta \right] \ln \frac{m_{L_3}^2}{Q^2}\nonumber \\&+\, \hat{g}_\tau ^2 \left[ \hat{g}_\tau ^2 - \frac{3}{5}\, g_1^2\,\, \cos 2 \beta \right] \ln \frac{m_{E_3}^2}{Q^2} \nonumber \\&+\,\frac{ \cos ^2 2 \beta }{300}\, \sum _{i=1}^3\, \bigg [\,N_c\left( g_1^4+25\, g_2^4\right) \, \ln \frac{m_{Q_i}^2}{Q^2} \,\nonumber \\&+\,8\,N_c\, g_1^4 \,\ln \frac{m_{U_i}^2}{Q^2} \,+\,2\,N_c\, g_1^4 \,\ln \frac{m_{D_i}^2}{Q^2} \nonumber \\&+\, \left( 9 \,g_1^4+25\, g_2^4\right) \, \ln \frac{m_{L_i}^2}{Q^2} \,\nonumber \\&+\,18 \,g_1^4 \,\ln \frac{m_{E_i}^2}{Q^2} \bigg ] \nonumber \\&+\,\frac{1}{4800}\, \bigg [261\, g_1^4+630\, g_1^2 g_2^2 +1325\, g_2^4\nonumber \\&-\, 4 \,\cos 4 \beta \left( 9\, g_1^4+90\, g_1^2 g_2^2+175\, g_2^4\right) \nonumber \\&-\,9\, \cos 8\beta \left( 3\, g_1^2+5\, g_2^2\right) ^2 \bigg ] \ln \frac{m_{\scriptscriptstyle A}^2}{Q^2}\nonumber \\&-\,\frac{3}{16} \left( \frac{3}{5} g_1^2 + g_2^2\right) ^2 \sin ^2 4 \beta \nonumber \\&+\, \sum _{f=t,b,\tau }~\hat{g}_f^2 \, N^f_c\, \widetilde{X}_f \left\{ 2\,\hat{g}_f^2 \, \Big [\widetilde{F}_1\left( x_f\right) \right. \nonumber \\&-\frac{\widetilde{X}_f}{12} \,\widetilde{F}_2\left( x_f\right) \Big ] \nonumber \\&+\, \frac{\cos 2\beta }{4} \, \left[ \,\frac{9}{10} \, g_1^2 \,Q_f\, \widetilde{F}_3 \left( x_f\right) \right. \nonumber \\&\left. +\, \left( 2\, g_2^2 \,T^3_{f_{\scriptscriptstyle L}} + \frac{3}{5}\,g_1^2\,(2\,T^3_{f_{\scriptscriptstyle L}}\right. \right. \nonumber \\&\left. \left. -\,\frac{3}{2} \,Q_f )\right) \widetilde{F}_4 \left( x_f\right) \right] \nonumber \\&\left. -\,\frac{\cos ^2 2\beta }{12} \, \left( \frac{3}{5} g_1^2 +g_2^2 \right) \widetilde{F}_5\left( x_f \right) ~\right\} , \end{aligned}$$\end{document}$$where the compact notation used in the sum over the sfermion species $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \,$$\end{document}$, see Eq. ([1](#Equ1){ref-type=""}), be expressed in terms of the EW gauge couplings of the SM and of an angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{g}_f$$\end{document}$ entering Eq. ([A1](#Equ40){ref-type=""}) are the MSSM ones. As discussed in Sect. [2.1](#Sec3){ref-type="sec"}, our choice of using instead the top and tau Yukawa couplings of the SM (denoted as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_t$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_\tau $$\end{document}$) in the one-loop part of the threshold correction to the quartic Higgs coupling induces shifts in the two-loop part of the correction; see Eq. ([11](#Equ11){ref-type=""}). Finally, we note that Eq. ([A1](#Equ40){ref-type=""}) differs from Eq. (11) of Ref. \[[@CR67]\] by the presence of the terms in the third to sixth lines.

 We focus here on the MSSM with real parameters. Significant efforts have also been devoted to the Higgs-mass calculation in the presence of CP-violating phases, as well as in non-minimal SUSY extensions of the SM.

See, however, Ref. \[[@CR60]\] for the effect of dimension-six operators in a scenario with only one light stop.

Refs. \[[@CR64], [@CR65]\] also obtained analytic results for the coefficients of logarithmic terms in $\documentclass[12pt]{minimal}
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Beyond tree level, we must distinguish these couplings from the proper Yukawa couplings of the SM, denoted as $\documentclass[12pt]{minimal}
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                \begin{document}$$g_f\,$$\end{document}$, and specify a renormalization prescription for the angle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$.

We compared our result for the top and bottom Yukawa contribution to $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta V^{2\ell ,\,\mathrm{heavy}}$$\end{document}$ with the one obtained by imposing the gaugeless limit and removing the SM-like contribution in Eq. (D.6) of Ref. \[[@CR21]\]. We find agreement except for the overall sign of the next-to-last line of that equation.

Note that in this paper we normalize the Higgs vev as $\documentclass[12pt]{minimal}
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For those operators several definitions are possible. For example, in Ref. \[[@CR90]\] one chose $\documentclass[12pt]{minimal}
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Focusing on the CP-even operators, those are $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{t_{\scriptscriptstyle R}} \, \sigma ^{\mu \nu } \,T^a\,H^{\scriptscriptstyle T}\epsilon \, q_{\scriptscriptstyle L}\,G_{\mu \nu }^a\,$$\end{document}$.

In Ref. \[[@CR92]\] there is a misprint in the last line of Eq. (D.4): the logarithmic term should come with a minus sign.

On the other hand, in the two-loop corrections the distinction between $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (\Delta m_h^2)^{1\ell ,\,t}= & {} \frac{N_c}{(4\pi )^2}\,\left[ \, 2\,m_t^2\,\left( g_t+3\,c_t\,v^2\right) ^2 \left( 1-3\,\ln \frac{m_t^2}{Q_{\mathrm{{\scriptscriptstyle EW}}}^2}\right) \,\right. \\&-\,\left. \, 2\,\frac{m_t^3}{v}\,\left( g_t-3\,c_t\,v^2\right) \left( 1-\ln \frac{m_t^2}{Q_{\mathrm{{\scriptscriptstyle EW}}}^2} \right) \,\right] . \end{aligned}$$\end{document}$$

Note that we neglect additional terms in those RGEs, as well as the contributions of the dimension-six operators to the RGEs of the SM couplings \[[@CR98]\], because they do not contribute to the $\documentclass[12pt]{minimal}
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To be conservative, we adjust the signs in the rescaling factors for scalars and EW-inos so that the resulting shifts in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \lambda ^{1\ell }$$\end{document}$ add up. The upper edge of the uncertainty band, not shown in the plots, can be obtained by reversing all signs.

We thank A. Falkowski, M.D. Goodsell, the authors of FeynHiggs and those of FlexibleEFTHiggs for useful discussions. The work of E. B. is supported by the Collaborative Research Center SFB676 of the Deutsche Forschungsgemeinschaft (DFG), "Particles, Strings and the Early Universe". The work of P. S. is supported in part by French state funds managed by the Agence Nationale de la Recherche (ANR), in the context of the LABEX ILP (ANR-11-IDEX-0004-02, ANR-10-LABX-63) and of the grant "HiggsAutomator" (ANR-15-CE31-0002). P. S. also acknowledges support by the Research Executive Agency (REA) of the European Commission under the Initial Training Network "HiggsTools" (PITN-GA-2012-316704) and by the European Research Council (ERC) under the Advanced Grant "Higgs\@LHC" (ERC-2012-ADG_20120216-321133).
